
Chapter 4: Material Behavior

Different materials behave differently when subjected to loads and deformation.
Thus stress-strain relationships depend upon material properties that have to be determined by 
conducting experiments in a lab (theory alone does not suffice).

Recall governing equations:

Deterministic•

Local action•

Observer objectivity / Material frame indifference•

Laws of Thermodynamics•

General principles for material stress-strain (constitutive) relationships:

Elastic: Hyper-elastic, Hypo-elastic, Visco-elastic •

Inelastic: Plastic, Visco-plastic, Damage models ...•

Types of material models: 

Elasticity
A fundamental tenet of elasticity is that when a loaded material (body) is unloaded, it returns to its 
original undeformed shape/state.
Another way of saying this is that stress-strain relationship at a point does not depend upon how / in 
what sequence of operations (history) the material point was loaded i.e. path-independence.
It only depends on the current state of strain at the point.

Example: 1D Linear Hooke's law (model)

In general, stress-strain relationship may not be linear:

These are Hyper-elastic materials.
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Stores the energy resulting from internal work done at each point of a body /structure.
Strain energy (density) function

Generalization to 3D: 

If stress-strain relationship is linear (Hooke's model):
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For convenience of visualization (and ease of computer implementation), the relationship between 
stress and strain is sometimes expressed in a different notation using matrices (Problem 101):

Voight notation

Aside: 4th order Tensors:

   Ch4-Materials Page 3    



Materials derive their properties from their internal 
micro-structure i.e. from the make up of their 
constituent atoms and molecules.
If this micro-structure is uniform and homogenous in 
all directions, then the material displays same 
behavior in all directions of loading and is called 
isotropic e.g. steel , plain concrete...

Isotropy

Note: Most materials are not isotropic e.g. wood, reinforced composites, natural materials...

One way to define isotropic hyper elastic materials is in terms of the invariants of strain. 
An energy density function in terms of invariants is isotropic:

If a piece of isotropic material is subjected to the same state of stress and strain, but in different orientations, 
the same behavior will be obtained.
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Linear Isotropic Hyper elastic material:

Strain energy density function must be quadratic:

This is the 3D version of the Hooke' (law) model.

Alternatively

Another useful form: (given stress, find strain):

Finding Material Constants Experimentally: 1: Uniaxial tension
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Finding Material Constants Experimentally: 2: Tri-axial test
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Useful relationships between material moduli (Problem 98)

All the material moduli are related 
and can be derived in terms of one 
another.

For a linear hyper-elastic isotropic 
material one needs any two of 
these material constants to 
describe the relationship between 
in stress and strain.

Note:
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Hyper-elasticity for finite (large) strains:

Let's revisit the Strain Energy density function:
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Examples of Isotropic Hyper-elastic Models:

Note: Perfectly incompressible (and nearly incompressible) materials 
require special treatment to ensure det (F) = J =1
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