Direction Cosines

U eXU émy M, MaUeXa
e u_\ &, u_e ué
éyl;' =M §Y L;l_ @rnZl rnZZ rnZB ueY U
628 6Zf em, m, myHeZy
consider thelower caseimage of the
unit vector [1,0,0] on theright

ém, U élu ecosau ecosxxu

U_ u_ U
em2 =M SOU_ écosbu 3 ostu

@mu €0y gcosgp @coszXy

therefore the full matrix M expressed
viadirection cosines would be

écosxXX cosxXY CosXZI]

M = gcos yX cosyY cosyZ 3

X BcoszX coszY coszZ{
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Example 1, approximate the matrix

Ny q, =k » +30
M =M, (30) =
écosk snk O
& SN COoS Ou—
%7‘& § 0 0 1§
X
> €0.866 05 Ou
é U
a- 0.5 0.866 Ou
& g 0 0 19
ey EE
e U_ns6enu
o~ MeVy
B8Z{ ghg
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Example 2, approximate the matrix

q, =k » +90°
M =M, (90) =
écosk sink
g-sink cosk
g 0 0
e0 1 Ou
g-l 0 og
60 0 1y

o

= O
(G N ey eny ey
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pers;

aurjqunid

pective center

23

Example 3, approximate the matrix

60

nadir
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approximate using
M=MM,=M_M,

écos(- 60) sn(-60) Ou

M, =$ sin(-60) cos(-60) O
g O 0 19
e 0 0 u

M, =0 cos(25) sin(25)

€ -sn(25 cos(25)4

605000 -08660 0 U
M=507849 04532 04226

& 03660 - 0.2113 0.9063f

E




Example 4, approximate the matrix

M =M_(90- 20)M(90)M , (110)

é& 09397 - 0.3420 0 u

& 0.3214 08830 0.3420f
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Extract the Angles for Order:

cos] cosk coswsnk +snwsnj cosk snwsnk - coswsinj cosk
cosj Snk coswcosk - Snwsanj Snk  snwcosk +coswsanj sinkg

é
_e
M=g
g snj - dnw cosj

f =sn"(my)

note: 2 possible vaues
@ m,, /cosf '9\

W = tan-l x
m,,/cosf

wif Kk

COSW COS]

note: use 2 - argument arctan

to get correct quadrant

128 m,, /cosf 9
my/cosf g

2 argument arctan

k =tan
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What if phi =90deg ?,i.e. cos90=0

¢




Special case: phi=90 deg

0 coswsank +snwcosk gnwsnk - cosw cosk ()
M :go cosw cosk - snwsank snw cosk +coswsink3

gl 0 0
recall trig identities:
cos(a+b) = cosacosb- snasinb
sin(a+b) =sgnacosb+ cosasnb

€0 sin(w+k) - cosw+k)d
M =20 cosw+k) sinw+k)

g o 0§
=> any pair of w,k with samesumyields
same matrix
=> no uniquesolutionforw,k
=> |tisindeterminant or singular
=>also knownasgimbal |ock
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Algebraic parameterization of rotation matrix

éd”+a’- b*- ¢’ 2(ab+cd) 2(ac- bd)
M =g 2(ab-cd) d?-a’+b’-c®  2(bc+ad)
€ 2(ac+bd) 2(bc- ad) d®- a®- b*+c?

only 3independent parameters so we need congtraint that
a’+b°+c’+d° =1

Claim: this one does not have singularities as exhibited by
the euler angle or sequential rotation method, but also no
easy interpretation of a,b,c,d.
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Rotation about a directed line in space

éa’(l- cosq)+cosq ab(l- cosq)-gsing ag(l- cosq)+b sinqu
M :gab(l- cosq)+gsing b?(1- cosg)+cosqg bg(l- cosq)- a sinqg
gag(l- cosq)- bsing bg(l- cosq)+asng g*(l- cosq)+cosq H
must have only 3independent parameters, can enforce unit length of line
direction vector
a’+b?+g®=1

Any rotation can be envisioned as a single rotation (theta) about a
directed line in space. The direction of the lineis given by its unit
components: alpha, beta, gamma.
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Collinearity Equations for Frame Sensor

a=1A
XY .Z, éx- xou ex - X.u
5 %= IMEY-Y, |
£ \2 e-f e 8Z2-Z4
y ex- XU amn; m, mzueX- X, u
/ / ‘éy od=1 §n, m, muEy-y U
/ X E-1 8 B m mMEZ- 74

Thisisreally 3 equations, divide the first two by the
third to eliminate the scale parameter, lambda

A X- X — rn.l.l(x B XL)"'mlz(Y' YL)"'mls(Z' ZL)

f’z\ - f mSl(X- XL)"'m32(Y' YL)"'mss(Z' ZL)
Y- Yo — le(X - XL)"'mzz(Y' YL)+m23(Z' ZL)

vy - f rr]31(x ) XL)"'msz(Y' YL)+rr53(Z' ZL)

This works for ground points defined by
coordinates, what if the “target” is defined
X XY ,Z only by direction?
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Rearrange collinearity eguations to give position in object
space for given image point (with known height)

o 606X X

e-fH 82-7Z.4

bring lambda and M |eft
eX Xou ex - X, U
ey yOu eY Y, u
e-f @Z Z, EI
divide first two egns by third
rn_Ll(X_ x0)+rr121(y- yo)+m31(' f) (Z
M (X- Xo) +Mys(Y- Vo) + My(- )
mlz(x' Xo)"'mzz(y' yo)"'msz(' f) (Z- ZL)+YL =Y
mls(x' Xo)"'mzs(y' yo)"'mss(' f)

1

il ZL)+XL =X
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Directiona Control

Divide the vector on theright by itslength, R
and multiply on the left to keep equality. Now
the vector elements on the right are just
direction cosines.

eX XU emn,; my, I‘Thté(x X))/ Ru
- You=IRm, m, m,E(v-v)/RY
@' f H gnﬂ m,, m33@(2 ZL)/RH

Rename them as (Cy,Cy,C,)
§X - X U ém_Ll m, Mg uéC U
e
éy' 0~ = RernZl m, My l]éCY u
é - f H gnsl m, My U@Cz

Divide as before to eliminate the factor lambda-R
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X- X — m,Cy +m,C, +m,C

- f mslcx + me,zcv t m%3C
Y- Yo — mlex + mzzCY +mzsC

— Fall 2002 — Purdue University

- f rrEle + rrEzC\( + I‘T133CZ

Now we have the image image points
defined only in terms of external directions.
Thisform can be used for stellar
photogrammetry where it is more
reasonable to use direction rather than
coordinates (which would require very large
numbers). The direction reference can be
chosen in many ways. For stars, two
reasonable systems would be (1) the
tabulated Right Ascension and Declination,
and (2) thelocal Azimuth and Elevation
angles. (Some use Altitude angle instead of
Elevation angle)




Use of collinearity equations to simulate a perspective view

L=
=
rung)
e

L
>




