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Direction Cosines
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Example 1, approximate the matrix
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Example 2, approximate the matrix
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Example 3, approximate the matrix
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Example 4, approximate the matrix

X

Z

Y

x
y

z

)110()90()2090( zzx MMMM −=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−
−−

=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

3420.08830.03214.0
9397.03214.01170.0
03420.09397.0

M

M
Z
Y
X

z
y
x



CE 503 – Photogrammetry I – Fall 2005 – Purdue University

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
+−−
−+

=
ϕωϕωϕ

κϕωκωκϕωκωκϕ
κϕωκωκϕωκωκϕ

coscoscossinsin
sinsincoscossinsinsinsincoscossincos
cossincossinsincossinsinsincoscoscos

M

arctanargument  2
cos
costan

quadrantcorrect get  to
arctanargument -2 use :note

cos
costan

 valuespossible 2 :note
)(sin

11

211-

33

321

31
1

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

=

−

−

φ
φκ

φ
φω

φ

m
m

m
m

m

Extract the Angles for Order: ωφκ

What if phi = 90 deg ?, i.e. cos 90 = 0
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Special case: phi=90 deg
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Algebraic parameterization of rotation matrix

Claim: this one does not have singularities as exhibited by 
the euler angle or sequential rotation method, but also no 

easy interpretation of a,b,c,d.
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1
vectordirection 
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Rotation about a directed line in space

Any rotation can be envisioned as a single rotation (theta) about a 
directed line in space. The direction of the line is given by its unit 
components: alpha, beta, gamma. Note that here alpha, beta, and 
gamma are unit vector components – not angles as in the first slide 
of this presentation
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A rotation can also be represented by a quaternion which is 
closely related to its representation by the axis-angle matrix, on 
the previous slide.  A quaternion is a kind of extended complex 
number with 4 components, a scalar part and 3 vector 
components with special rules for multiplication.  

kqjqiqqq kjis +++=
We will put aside arithmetic operations with quaternions and 
just look at some of their properties to represent rotations.  
They are used exclusively by the satellite remote sensing
community (NASA, Digital Globe, Orbimage, etc.) for 
attitude specification. I believe the reason is that the only 
singularity occurs when there is no rotation, i.e. the identity 
matrix. Certain nadir views of the North Pole will yield 
singularities.
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See text, appendix E for details, extracting axis-angle parameters 
from matrix,
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Relate to the quaternion elements,
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Collinearity Equations for Frame Sensor
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This is really 3 equations, divide the first two by the 
third to eliminate the scale parameter, lambda
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This works for ground points defined by 
coordinates, what if the “target” is defined 
only by direction?
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Rearrange collinearity equations to give position in object 
space for given image point (with known height)
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Divide the vector on the right by its length, R 
and multiply on the left to keep equality. Now 
the vector elements on the right are just 
direction cosines.

Rename them as (CX,CY,CZ)
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Divide as before to eliminate the factor lambda-R
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Now we have the image image points 
defined only in terms of external directions. 
This form can be used for stellar 
photogrammetry where it is more 
reasonable to use direction rather than 
coordinates (which would require very large 
numbers). The direction reference can be 
chosen in many ways. For stars, two 
reasonable systems would be (1) the 
tabulated Right Ascension and Declination, 
and (2) the local Azimuth and Elevation 
angles. (Some use Altitude angle instead of 
Elevation angle)

Directional Control
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Use of collinearity equations to simulate a perspective view


